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Abstract

Viscous dissipation effects in circular micro-tubesand rectangular micro-channels were investigated theoretically in
a fully developed laminar flow region.From the energy conservationlaw, simple theoreticalequations were derived for
the evaluation of the viscous dissipationeffect. The proposed equations were verified by comparing to other research­
ers' experimental measurement and numerical results. Wall heat flux, fluid velocity, operating temperature, tube di­
ameter, and working fluids' effects on viscous dissipation were evaluated. It was found that viscous heating increases
with decreasing aspect ratio in rectangularchannels. The classical macro methods for heat transfer and pressure drop
predictions agree well with the measurementand numerical predictions in micro-channels. Finally, a criterion for the
evaluationof viscous dissipationwas provided with the Brinkman numberand heat balanceconcept.
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1. Introduction

With the increased interest in micro-devices, it is
highly required to understand the fluid physics in
micro tubes. Although much research has been de­
voted to heat transfer and pressure loss measurements
in micro channels, discrepancies among the previous
experimental results still exist. Kedzierski [1] re­
viewed the discrepancy between the macro prediction
methods and the previous experimental results in
micro-channels and indicated several micro-effects
such as velocity slip, temperature jump, viscous dissi­
pation, developing flow, eddy bursting, size depend­
ent viscosity, roughness, compressibility, and now
mal-distribution.

Viscous dissipation represents an increase in inter­
nal energy due to the work done on a fluid by viscous
forces, that is, a conversion of mechanical energy to
thermal energy. Such a process is analogous to fric-
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tional work. In many engineering and scientific appli­
cations, the dissipation effect is not particularly sig­
nificant compared with the effect of conduction heat
transfer. Viscous dissipation has been regarded as
insignificant because of the limit of pumping power.
However, viscous dissipation has emerged as an in­
tluential factor in micro fluidics because tremendous
frictional loss can be overcome by high pressure sy­
ringe pumps (up to 20,000 psi).

Tunc and Bayazitoglu [2] investigated the viscous
dissipation effect with the Brinkman and Knudsen
numbers. They carried out numerical analyses for the
uniform wall temperature and the constant wall heat
flux conditions. Koo and Kleinstreuer [3] also per­
formed a numerical investigation on viscous dissipa­
tion effects in micro-tubes and rectangular micro­
channels. They introduced water, methanol, and iso­
propanol as working fluids. They found that viscous
dissipation is strongly related to the channel aspect
ratio, Reynolds number, Eckert number, Prandtl
number and conduit hydraulic diameter. Tso and Ma­
hulikar [4] measured local Nusselt number with Rey­
nolds number along the flow in micro-channels. They
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Therefore, temperature variation along flow direc­
tion can be expressed as

(3)

(5)

(2)

[== 64/Re

[ReI, ==96[1-1.3553(~J+1.9467(~J-1.7012(~J

+O.9564(~J-0.2537(~)5J

For rectangular tubes, the following empirical
equation with hydraulic diameter (D!,) for macro size
tubes is suggested by Rohsenow et al. [9]:

The pressure loss measurements by Judy et al. (6],
Xu et al. [7], Lelea et al. [8] in micro-channels agree
well with the conventional macro theory. Therefore,
the friction factor can be determined from the conven­
tional macro theory for laminar flow. For circular
tubes, the following classic function isbeing used:

ill micro-channels, the dPIp term cannot be ne­
glected because the pressure gradient is significantly
large. This term represents the enthalpy change by
flow work (frictional heating due to viscous dissipa­
tion). The pressure loss can be obtained from the fol­
lowing equation:

provided a correlation with the Brinkman number for
the flow regime transition and the single-phase forced
convective heat transfer in the laminar flow regime in
micro-channels for the constant wall heat flux bound­
ary condition. However, their experimental range was
the region where viscous dissipation could be ne­
glected. Additionally, their experimental method had
a problem with conduction heat transfer through adja­
cent channels. Their measurement only showed the
result of a specific microfluidic device. Xu et al. [5]
used the Buckingham Pi theorem to obtain a criterion
for the significance of the viscous dissipation effects
on micro-tubes. Their own numerical results were
used to develop the criterion. They proposed a rela­
tively simple correlation but it produces quite smaller
values than the existing measurements and predic­
tions by other researchers. This characteristic will be
discussed in the following chapter.

Even though several investigations have been de­
voted to viscous dissipation, some difficulties still
exist in the evaluation of its effect on the flow in mi­
cro-tubes. Usually, the proposed criteria are not read­
ily applicable to the design of microfluidic devices
because they require solving complex energy equa­
tions with the consideration of micro effects like ve­
locity slip and temperature jump. Moreover, the de­
veloped correlations use the Brinkman number which
can be obtained with the temperature difference be­
tween wall and bulk fluid temperatures.

Therefore, a simple prediction method is demanded
for the evaluation of the viscous dissipation effect for
practical use. In this study, a plain equation was de­
rived from the energy conservation law to evaluate
the viscous dissipation effect, and its reliability was
verified with the existing measurement and numeri­
cally obtained values.

where, a and b is the width and the height of a rectan­
gular channel respectively.

For circular tubes, equation (4) is simplified as fol­
lows:

2. Theoretical derivation

Steady state, no work, and no elevation change
make the equation of the conservation of energy for
open systems a simple form as follows. Especially for
incompressible liquids, kinetic energy variation is
negligible. Hence, the energy conservation equation is
reduced to

D!, == 4ab/(a+b)

(6)

(7)

q"p'dz==ritdh (I) (8)

For an incompressible substance, the change in en­
thalpy can be simplified to These are summarized as below:
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Fig. 2. The effect of geometry on viscous dissipation in rec­
tangular tubes.

Fig. I. Temperature increase by viscous dissipation along
flow length in adiabatic wall boundary condition.

Some medical diagnostic devices like an enzyme

thermistor measure increased temperature by bio­

chemical reaction. Therefore, bio-microfluidic de­
vices like a lab on a chip should consider viscous

dissipation effect.
Fig. 1 also shows that Xu et aL's [5] method (dia­

mond shaped symbols) underestimates the viscous

dissipation effect. Usually, their prediction method
produces 50% lower value than the values of equation

(8) and the numerical results of Koo and Kleinstreuer

[3]. Therefore, their method is not appropriate for
estimating the effect ofviscous dissipation.

Fig. 2 shows the effect of geometry on viscous dis­
sipation. As the aspect ratio deviates from unity, vis­

cous heating increases because of the characteristics

of equation (6). This trend also appeared in the work
of Koo and Kleinstreuer [3].

As can be seen in the second term, viscous dissipa­
tion is intensified with increasing Re, flow length, and
viscosity and decreasing diameter. It is also found that
the augmentation of wall heat flux lessens the contri­
bution ofviscous dissipation to heat transfer. Accord­
ing to the experimental results of Lelea [8] et al. and
Tso and Mahulikar [4), 3-15 kW/m2 heat fluxes were
imposed on 125-700 }ID1 diameter tube walls. Equa­
tion (8) shows that the portion of viscous heating in
the total heat transfer increases with decreasing wall
heat flux. Hence, viscous dissipation plays an impor­
tant role in small wall heat flux boundary condition.
For instance, a tube with 100 micron diameter, 10cm
length, 20°C inlet temperature, the Reynolds number
of 500, and a working fluid as water shows 3.6 and
39.7% viscous heating portion in total heat transfer
for 50 and 5 kW/m2 wall heat fluxes, respectively.

Fig. 1 shows the effect of diameter, working fluid,
operating fluid temperature, channel length, and Rey­
nolds number (fluid velocity) on viscous dissipation
in circular tubes. The values were obtained under
adiabatic boundary conditions. As can be expected
from equation (8), temperature increases proportion­
ally to the Reynolds number. With increasing work­
ing temperature, viscous heating decreases because
the physical property of viscosity is reduced with
temperature. For a 50 urn diameter tube with water in
Fig. I, the temperature increase by frictional heating
reaches almost 2 K at 5 em. The viscous dissipation
effect rises significantly against the reduction of
channel diameter. The importance of viscosity can be
easily demonstrated by a comparison between refrig­
erant (low viscosity) and bio-fluids (high viscosity).
R134a is the one of the representative refrigerants and
its viscous dissipation effect is quite small because its
viscosity is much smaller than that of water. The vis­
cosity of R134a at 20°C is only 20% of that of water.
On the other hand, a representative bio-fluid, human
blood, shows viscous dissipation is an influential
factor for fluids with high viscosity even for short
flow length. Generally, human blood has three to four
times higher viscosity compared to that of water.

4 "--q- temperature rise by conductive heat trans-
cppRe

fer

32Re(u)2 . . ..
--3 s.: temperature increase by VISCOUS dissi-
cpD p

pation
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3. Comparison with the existing results

Judy et al. [6] measured temperature difference in a

74.1 urn diameter and J 1.43 em Jength micro-tube

with a Reynolds number of 500. The working fluid

was isopropanol and an adiabatic wall boundary was
applied. The temperature increase by viscous heating

was 6.2 K and the predicted value of the equation (8)
was 6.487 K. This ensures the reliability of equation
(8). The numerical simulation results for rectangular

channels by Koo and Kleinstreuer (3] are also com­

pared to the estimated values of the equation (8) in

Fig. 3 and also show good agreement.

Koo and Kleinstreuer [3] obtained a temperature

gradient along distance for a D" = 6 IlID channel,
which corresponds to the 110 x 3 um channel case of

Pfhaler et al. [10]. They set Re as 20 and the working

fluid was isopropanol. Temperature gradients along

the aspect ratio were obtained with equations (6-7)

and compared with the work of Koo and Kleinstreuer
[3]. In the same manner as the circular channel com­

parison, the proposed equations show reliable per­

formance also.

For heat transfer in macro sized circular ducts, the

following equation is suggested by Rohsenow et al.

[II]

192
Nu=---­

44+19281'
(9)

TLU1C and Bayazitoglu [2] obtained Nusselt num­
bers at Br == 0.01 and -0.01. Their munerical results
for the corresponding Brinkman numbers are 4.0353
and 4.7481, and equation (9) produces 4.1812 and
4.5627, respectively. The relative differences are
within 4%. This shows the classic macro heat transfer
prediction method, equation (9), is still effective for
the design of microfluidic devices. Even though equa­

tion (9) is restricted to continuum flow (Kn<O.OOI), it
is still useful because most liquid flow in microfluidic
devices still belongs to the region. The effect of
Brinkman number on Nusselt number is shown in Fig.
4.

Xu et al. [7] proposed a non-dimensional criterion
for viscous dissipation effect in micro-channels. They
drew a line of demarcation with a 3% viscosity varia­
tion of water. Unfortunately, their criterion does not
consider the effect of heat flux on viscous dissipation.
Therefore, a simple criterion for practical usage is
proposed to evaluate the effect of viscous dissipation
on heat transfer in micro-channels. From equation (4),
a relative ratio between conductive heat transfer and
frictional heat augmentation by viscous dissipation is
simplified to the Brinkman number. it means the
Brinkman number is the ratio between frictional heat
generation and conductive heat transfer. With the
Brinkman number, a criterion is provided with the

heat balance concept.

where, Br is defined for the constant wall heat flux

boundary.

,uVZ

Br==-­
q"Dh

(0) I
ISBr l ~ I I - Q!I"id jQ"'b. 1 .
: viscous dissipation can be neglected

(11)
ISBrl > 11- QjI"'d jQII,n, 1

: viscous dissipation should be considered
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Fig. 3. Comparison between Koo and Kleinstreuer's numeri­
cal results and the predicted values by equation (8) for circu­
lar micro tubes.
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Fig. 4. Nu versus Br.
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working fluid and Qtube is the heat addition or removal

to a micro-channel.

If the absolute values of l-Ql1uid / Qlube are 0.05 and
0.1, the criteria of the Brinkman number are 6.25 x
10-3 and 1.25 x 10-2, respectively. Even for Lelea et

al.' s [8] carefully designed experimental facilities
using a vacuum pump for the insulation of a test sec­

tion to minimize heat loss, ± 10% heat balance de-.

viation was reported. Moreover, most of the cases
originated from heat loss. It means it is quite difficult

to distinguish the effect of viscous dissipation in mi­

cro-channels if impeccable thermal insulation is not

guaranteed. Experimental uncertainties of heat bal­

ance from the previous studies [4, 8J suggest that 3­

10% is appropriate for the relative ratio between con­

ductive heat transfer and viscous heating. Lelea et
a1.'s [8] heat balance results show that 5 and 10% heat

loss was detected for 300 and 125.4 J.UU diameter
tubes, respectively. The criterion depends on meas­

urement uncertainties, heat loss, and design parame­

ters. It is recommended to use equation (9) to design

microfluidic devices instead of introducing the Nus­
selt number, 4.364, for the constant heat flux wall

condition.

4. Conclusion

Simple equations for the evaluation of viscous dis­

sipation in microchannels were derived from the
thermodynamic energy conservation law. The pro­

posed equations were compared to other researchers'

measurement and numerical simulation predictions.
The proposed method shows a reliable predicting

performance and its simplicity has merit over other

techniques. It can be used for both circular and rec­
tangular channels. The classic heat transfer prediction

method for macro sized tubes is still available for the

design of microfluidic devices that should consider
viscous dissipation effects in the continuum flow
region.

Viscous heating is augmented with increasing fluid
velocity, viscosity and decreasing channel diameter,

wall heat flux, and operating fluid temperature. It was
found that bio- fluids like human blood that have high

viscosity should consider viscous dissipation even at

low Reynolds numbers. The viscous dissipation effect
in rectangular micro-channels was also investigated

and it was found that the increase of the aspect ratio

augments temperature rise.
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Nomenclature-------------

a Channel width Em]
b Channel height [m]
Br The Brinkman number, py2 / q "D, [dimen

sionless]
cp Specific heat [J!k.g K]

D Inner diameter [mJ
Dh Hydraulic diameter [m]
f Friction factor [dimensionless]

h Enthalpy [J!k.g]
k Thermal conductivity [W/m K]
Kn Knudsen number, 1/ D [dimensionless]

I Mean free path Em]
m Mass flow rate [kg/s]
Nu Nusselt number, aD / k [dimensionless]

P Pressure [N/m2
]

P, Perimeter Em]

«" Heat flux [W/m2
]

QfluI<' The amount ofheat transferred to a working
fluid [W]

Q/lA' The amount ofheat addition or removal to a
micro-channel [W]

Re Reynolds number, pVD / fJ [dimensionless]

T Temperature [K]
V Mean fluid velocity [m/s]
z Distance along flow direction Em]

Greek symbols

fJ Viscosity [kg/m s]
p ; Density [kg/m!)
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